Cable patterns are the hallmark of Irish fisherman knits, and stitches that cross and weave are also found in some traditional Estonian knitting [3] as well as in designs from Bavaria, Tyrol, Alsace, Norway, and Denmark. It makes sense that these patterns would be popular in cold climates, because cabling uses more yarn than flat (e.g., stockinette) knitting, so the resulting garments are thicker and warmer.
To knit a cable pattern, one physically moves sets of (usually two to four) contiguous stitches in front of or behind other stitches. The exchanging of strand groups, weaving sets in and out, will be familiar to anyone who has attempted to braid hair. Indeed, mathematicians use the term braids to describe cables. The two notions are quite similar. Both mathematical braids and typical cable patterns follow the progress of several vertically oriented strands as they weave back and forth and over and under each other. For most knitted cablework, the directions are given in terms of a chart that diagrams how the stitches should be worked in a vertically repeated pattern block or motif. Similarly, mathematicians use small geometric elements that are stacked vertically when describing a specific braid. This gives us a very natural way to use the language of mathematics to describe and analyze cables, as we will do in the next section.
In Section 2.1 we create a dictionary to translate between the language of cables and the language of braids; then we describe the mathematical structure of braids in Section 2.2. One of the big mathematical ideas represented here is that of braid equivalence, or how to tell when two different-looking knitted cables represent the same mathematical braid.
While most crafters loathe knots in their yarn and floss, mathematicians have a much more pleasant take on knots, which may be constructed from braids. The mathematics of knots is discussed more in Section 2.3. These knots (and links) can arise naturally in knitting. Although cables on sweaters are usually arranged to run up and down on both the body and the sleeves, as in Figure 2 , nothing stops us from having a cable go around the body and connecting the beginnings of the strands to their ends. This could be accomplished by choosing a cabled design and knitting it around the cuffs or around the bottom of a sweater. (See, for example, the chapter "Fringes" in [4] .) This type of design is what mathematicians call a closed braid. These tangled strands correspond to a knot if the pattern can be completely traced by following one strand around. If following just one strand leaves some parts of the pattern untraced, the closed braid is a link, meaning it is more than one knot, possibly looped together. Whimsical linked and knotted constructions can be found in [5] in the chapter "Cords". Other knitters have found ways to include knotwork in their projects [6, 8] . Abbildung 
A few cable patterns

Abbildung 2. A fisherman's sweater from Ireland
In Section 3, we give several activities that may be used to investigate mathematical braids using knitted cables. The project in Section 4 uses a set of cables that look different but are all mathematically equivalent as braids. This is explained at the end of Section 2.2, so keep reading!
Mathematics
As mentioned above, braids and cables are essentially the same. Mathematicians formally define a braid to be a set of n strands that begin at some horizontal line and end at some other horizontal line, moving only in the same vertical direction, although they may move over and under each other laterally. One result is that any horizontal plane intersecting the braid intersects each strand exactly once. While mathematicians typically read braids from top to bottom to align with gravity, in this chapter we will read them from bottom to top in order to be consistent with knitting charts. In addition to drawn braids, mathematicians use compact notation. Though the notation varies according to the source, we present the standard notation, as given in [1] , with the caveat that the braid first be rotated by π since we are reading bottom to top. Let the n strands of the braid be numbered 1, 2, . . . , n − 1, n from right to left. If there are no twistings of the strands in the braid, it's not very interesting, so we will notate nothing. That is, we will write nothing down to describe this non-braid. A twist of strand i in front of strand i+1 is denoted σ i , and a twist of strand i + 1 in front of strand i is denoted σ −1 i . Note that these twists are actions, so they refer to whichever strands happen to be in the ith and (i + 1)st positions just before the twist occurs rather than the original ith and (i + 1)st strands. An example is given in Figure 3 .
We can concatenate two braids on the same number of strands by simply placing one above the other and gluing the ends of the strands of the first braid to the starts of the strands of the second braid. In fact, braids on n strands form a group B n under this concatenation operation. The σ i generate B n , but σ i only commutes with σ j when |i − j| > 1, because then none of the same strands are involved in the two twists. An element of B n is known as a braid word, where the "letters" are the twists of the braid. 
Braids versus Cables
The equivalence between knitted cables and mathematical braids is not quite exact. For example, many different cables may represent the same braid, since each cable represents a different braid drawing. However, there are many cables that don't follow the usual mathematical rules for braids. Here we attempt to expand the mathematics-knitting dictionary to translate between cable patterns and braids.
-In a mathematical braid, all the strands have the same width. In knitting, there are cables with different stitch-widths, and thus different strand-widths. For a cable with all strands of the same width, we merely specify how many stitches there are per strand. This methodology also works for cables with strands of varying widths, as long as we choose the number of stitches per strand to be the greatest common divisor of the cable's stitch widths. Likewise, to complete the mathematics-knitting translation for these braids, we need to specify the height of a cable, that is, how many rows should be knitted before another strand-twist happens. -Sometimes a cable will have two independent strand-twists happen at the same time. Mathematically, it does not matter which one we write first in the braid word because of the commutativity noted above. However, the braid word may not indicate the cable pattern we began with unless we introduce new notation. To denote the fact that these independent strand-twists happen at the same time in a cable pattern, we set them off in parentheses. For example, in Figure 4 (left) we have a cable pattern corresponding to the braid word
The () in the braid word signifies that there is a repeat of one cable-height in which no cabling takes place. -There are many different knitted cables that are all equivalent to the trival braid; two are shown in Figure 5 . Some of these have no crossings -the strands move back and forth across the knitted fabric, but never cross each other. How to include such cables in the knitting-mathematics translation dictionary is an open question.
The Braid Group
The braid group B n surjects naturally to the symmetric group S n on n letters. The reader should note that while σ i is an involution in S n , it is not a involution in B n , as we know from the experience of repeatedly twisting two strands. Indeed, σ i does not have finite order in B n . Yet, B n is not simply the free group on the σ i . As from a braid word produces a Type II Reidemeister move in a drawing of the braid. There is also a Type III Reidemeister move that corresponds to the algebraic substitution of σ i σ i+1 σ i for σ i+1 σ i σ i+1 , as shown in Figure 6 .
Using both of these algebraic substitutions gives a different Type III Reidemeister move, as in Figure 7 . Note that no Type I Reidemeister move can be performed on a braid as this would require a braid strand to change direction. The braid-word relations are used in the project pattern: it consists of a series of panels, each containing a cable corresponding to a braid. The braids are all equivalent in B n . In fact, reading the panels left to right across the design results in a series of seven moves, as can be seen in Figures 17-20 . Between panels 1 and 2 we apply a Type II Reidemeister move. Between panels 2 and 3 we apply the first sort of Type III Reidemeister move described above, and as shown in Figure 6 . Between panels 3 and 4 and between panels 7 and 8, we use σ i σ j = (σ i σ j ) for | j − i| > 1. The move connecting panels 4 and 5 is used between panels 7 and 8 as well. It amounts to nothing more than collapsing the figure where no switching of strands occurs. This leaves only the moves between panels 5 and 6 and between panels 6 and 7. Both of these moves correspond to the Type III Reidemeister move presented in Figure 7 . The original panel braid
1 , and the final panel braid is σ 2 (σ
The careful reader will note that the first panel could not have been collapsed vertically without using the Reidemeister moves. Therefore, it had to have at least eleven units available for cabling switches, yet the final panel needed only seven vertical units.
Braids and Knots
It's easy to convert a braid into a knot or link. Just identify the end of the ith strand on the top with the end of the ith strand on the bottom, as in Figure 8 . This is called a closed braid. It's less clear how to turn a generic knot or link into a braid, but it can always be done (see [2] for details).
Notice that depending on where we choose to "start" and "stop" a closed braid, we will obtain different braid words. In fact, any two closedbraid words that differ only by a cyclic shift correspond to the same closed braid. Thus conjugating a braid word by σ k (that is, premultiplying by σ −1 k and postmultiplying by σ k ) is essentially the same as multiplying the corresponding closed-braid word by the identity. In terms of a braid drawing, such a conjugation places a σ −1 k strand-twist below the braid and a σ k strandtwist above the braid.
Another algebraic operation that has no effect on a closed braid is multiplying a closed-braid word on n strands by σ n (or equivalently by σ −1 n ). This performs a Type I Reidemeister move (finally! -you knew there had to be one in here somewhere) on the nth strand. This can be seen in Figure 9 ; alternatively, we may view this operation as adding a (n + 1)st strand and connecting it to the closed braid so that it does not form a non-equivalent link. This operation is known as stabilization, perhaps because it stabilizes the equivalence class of our original braid within the braid group. Fascinatingly, conjugation, stabilization, and the three braid-word relations suffice to distinguish inequivalent closed braids [7] .
Braids and Symmetry
The standard way of plaiting a three-strand braid (such as commonly used when braiding hair) is to repeat the element σ 1 σ −1 2 . Generalizations of this braid to n strands are possible, and one n-strand braid uses weaving. Take the first strand and weave it over the second, under the third, over the fourth, and so on, until all the other strands have been crossed; repeat this with the strand that is now the first strand. This can be denoted as taking powers of the element σ 1 σ 6 . (In contrast, this is how sarah-marie conceptualizes braiding hair.) When n = 3, these two methods are identical, but for n > 3 they are not.
T eachingIdeas
The braid group can provide useful examples in any class that explores algebraic properties such as the commutative and associative laws.
Working with the braid group appeals to students with a variety of learning styles. Students with a visual learning style may wish to make diagrams of the braids, while those with a more hands-on style can work with strands of wire or string.
For informal experiments, it's helpful to have a supply of several colors of yarn or twine. Using different colors for each strand makes it easier to keep track of the permutation generated by the braid. In that case, however, be sure the students understand that for a fixed i, σ i may act on different colors at different stages of the braid. A configuration made from fiber may be preserved by taping it to an index card. To create more stable models of a braid diagram, use colored fine-gauge electrical wire (such as the wires found inside telephone or networking cables). The ends of the wire can be wrapped around a narrow dowel (or a pencil) to keep the braid from unraveling, or the ends of the braid can be attached to plastic needlepoint canvas.
To have a common language for describing braids and cables, students should first be introduced to notation for the generators of the braid group and the conventions that apply. Advanced students who are able to read articles in the scientific literature should be warned that authors vary in the way they draw and read the braid diagrams (top to bottom, bottom to top, or left to right) and whether σ i denotes strand i crossing over strand i + 1 or under strand i + 1. Once students can consistently write down the algebraic notation for a braid diagram and translate a braid diagram to its algebraic notation, they can begin to explore the properties of this group.
Working with Basic Properties of Braids and Knots
These questions can be suitably rephrased to be grade-level appropriate for secondary through graduate students.
-Draw three different braids that all have the same number of strands. Concatenate any two of the braids. Now concatenate them in the other order. Do you get the same braid as a result? Does the order of concatenation behave the same way no matter which two braids you pick? -Choose a braid you have previously drawn.
Can you create a second braid that "cancels out" your chosen braid when you concatenate the two braids? -Use Reidemeister moves to show that the braid relations given in Section 2.2 hold. -Can you find an element of B n that, when converted to a closed braid, is a knot?
Abbildung 10. Three mathematically nontrivial (and different) braids. Can you express these using notation in B n ?
-Working the other way, given a knot or link (such as might be found in Celtic knotwork), can you find a braid that represents the knot? -Can you find elements of B n that are links with two components? With any number of components up to n? -How does B n naturally sit inside of B n+1 ?
Are there more interesting homomorphisms of braid groups? Can you find a homomorphism from the braid group B n onto the symmetric group S n ? -What does a normal subgroup of a braid group act like in terms of the strands of the cables?
The project given in Section 4 has been designed to exemplify a range of braid properties.
Begin by having students create braid drawings from the cable charts. Then, they can verify that these braid drawings show topologically equivalent braids. Students can be asked to identify Reidemeister moves in the braid drawings. For an algebraic perspective, ask students to write down the braid words associated to the braid drawings and identify the braid-word relations that correspond to moving adjacent drawings of panel braids.
Braids in the Wild
Since cable patterns commonly decorate knitwear, ask students to locate scarves, sweaters, or other items featuring cable patterns and investigate the corresponding braids. If the students have trouble finding garments featuring cable patterns, they can work from photographs that clearly show the cabling (such as in a knitting book about Aran sweaters); a few examples are given in Figure 10 . Ask the students to use mathematical notation to record which elements of the braid group are found on the items.
Once the class has collected an assortment of cable patterns, the students can begin to look for features that are common (or uncommon) among the patterns. Once the students have determined what is "usual" and "unusual" for braid patterns that appear on garments, they can be asked to design their own patterns. Here are some sample exercises.
-Design a cable pattern with the same braid word as a cable you've seen in a garment, but that has a different appearance when realized as knitting. -Design a cable pattern with a braid word you haven't seen before, but that has features in common with the patterns you have seen in garments. -Design a cable pattern whose mathematical description is outside the norm of what you've seen on garments.
Wildly Braiding
These questions relate to the symmetry of the two methods of braiding introduced in Section 2.4.
-Discuss why the action
6 is not symmetric when the braid has an even number of strands, but is symmetric when the braid has an odd number of strands. focus on the cases of four-and five-strand braids.
How to Make a Pillow of Braid Equivalence
These instructions are for making a pillow cover as shown in Figure 3 .2, but the motif given in the cable charts would work just as well for embellishing other objects. It could be made into wall art (see Figure 14) or part of an afghan; divided into two halves (cable panels 1-4 and 5-8), the motif would work as the front and back of a bag or sweater body or two ends of a horizontally knitted scarf.
Materials
-One size 9, 40 circular needle on which we will knit back and forth. -Exactly two 100-gram skeins of Blue Sky Organic Cotton (150 yards each) in your favorite color. We used sage. -One 12 × 16 pillow. or -One size 7 circular needle on which we will knit back and forth. -Exactly two 50-gram skeins of Valley Goshen (92 yards each) in your favorite color. We used sage. -One 9 × 12 pillow or a pile of fiberfill. Notice that row 10 (or row 14) is worked on the wrong side, so that the pattern for this row is *P1 K1 P1 K1 P1 K1 P12* P1 K1 P1 K1 P1 K1; this allows the cabling to happen only on right-side (primarily knit) rows. This means that you must read the first row of the chart in the direction opposite what you normally do. The cable charts in Figures 17-20 direct the work for 44 rows (rows 10 through 53 for BSOC; rows 14 through 57 for VG). Figure 12 shows how the four charts fit together.
Gauge
Two attractive variants on the cable charts are to replace the seed-stitch columns with purl cable panels 1 and 2 cable panels 3 and 4 cable panels 5 and 6 cable panels 7 and 8
Abbildung 12. How the cable panels fit together.
